Abstract: This article aims to study theoretically the combined magneto hydrodynamic ows of casson viscoplastic nano uid from a horizontal isothermal circular cylinder in non-Darcy porous medium. The impacts of Brownian motion and thermophoresis are consolidated and studied. The governing partial di erential equations are converted into nonlinear ordinary di erential equations using suitable non-similarity transformation and are solved numerically using Keller-Box nite di erence technique. The numerical method is validated with previous published work and the results are found to be in excellent agreement. Numerical results for velocity, temperature, concentration along with skin friction coe cient, heat and mass transfer rate are discussed for various values of physical parameters. It is observed that velocity, heat and mass transfer rate are increased with increasing casson uid parameter whereas temperature, concentration and skin friction are decreased. Velocity is reduced with increasing Forchheimer parameter whereas temperature and nano-particle concentration are both enhanced. An increase in magnetic parameter is seen to increase temperature and concentration whereas velocity, skin friction heat and mass transfer rate are decreased. The present model nds applications in electric-conductive nano-materials of potential use in aviation and di erent enterprises, energy systems and thermal enhancement of industrial ow processes.
Introduction
The convection transport study of nano uid has gained interest in the recent years due to its wide spread application in industry, transportation, electronics, fuel cells, incorporate and medical applications. Usually, base uids like ethylene glycol, kerosene, water, etc. have low thermal conductivity [1, 2] . The suspension of nano-sized metallic or non-metallic particles into the base uids, enhances the thermal conductivity of the base uids. Choi [3] was the rst researcher to use the term Nano uid, in order to represent the engineered colloids. He observed that on addition of 1% of nanoparticles to the normal uid, the uid thermal conductivity increases twice. Flow, heat and mass transfer of Nano uids has attracted many researchers due to its prominent role in industry and technology such as electronics, transportation, biomedical (cancer therapy, drug delivery, etc.), micro-electronics, fuel cells, hybridpowered engines, etc. [1, 2] . The heat transfer enhancement technology has been widely used in refrigerators, automobiles, process and chemical industry, etc. The continuous collision of nanoparticles and molecules of the base uid is called Brownian motion. The nanoparticle concentration and size of the particle are the most important parameter for enhancing the heat transfer of nano uid as discussed by Buongiorno [4] . In Buongiorno model [4] the nanoparticle concentration is considered to vary and incorporates the e ects of Brownian motion and thermophoresis. Sheikholeslami et al. [5] presented an experimental analysis of hydrothermal behavior of nano-refrigerant duty condensation. Sheikholeslami and Rokni [6] used control volume based nite element method to simulate the e ects of Lorentz forces on nano uid ow in porous media. Shrivan et al. [7] utilized the nite element method to study the in uence of wavy surface characteristics on natural convection ows in a cosine corrugated square cavity lled with Cu-water nano uid. Rashidi et al. [8] used the volume of uid model to investigate the nano uid ow and entropy generation in a single slope solar still using nite volume method. Sheikholeslami and Shehzad [9] considered convective ow of nano uid inside a porous enclosure by means of two-temperature model taking into account the e ects of Lorentz forces. Sheikholeslami [10] numerically investigated the electrohydrodynamic radiative free convection ow of nano uid in a porous media. Shirvan et al. [11] explored the response surface methodology and two phase mixture model to examine the heat exchanger e ectiveness in a double pipe heat exchanger lled with nano uid. Esfahani et al. [12] used nite volume technique to analyze the entropy generation of nano uid ow through a wavy channel over heat exchanger plat.
In many uids the ow properties are di cult to explain by a single constitutive equation like Newtonian model. Geological materials and polymer solutions used in di erent industries and engineering processes are such uids which cannot be explained by Newtonian model. The materials that cannot be explained using Newtonian model are called Non-Newtonian uid models. In past few decades, due to the applications in industries, engineering and technology, non-Newtonian uid ows has gained interest in researchers [13, 14] . In such uids the shear stress and strain rate relation is non-linear. Examples of such uids include china clay, coal in water, sewage sludge, oil-water emulsions, gas-liquid dispersions, coaloil slurries, detergent and paint production, smart coating and suspension fabrication, pharmacology, cosmetic creams, physiological transport processes (blood, bile and synovial uid), slurry conveyance, polymer synthesis and food processing. The mathematical models in nonNewtonian uids are more complicated and relate the shear stresses to the velocity eld [15] . Few non-Newtonian transport modeling include oblique micropolar stagnation ows [16] , Walter's-B viscoelastic ows [17] , Je rey's viscoelastic boundary layers [18] , magnetized Williamson uids [19] , nano uid transport from a sphere [20] , Maxwell uids [21] , Eyring-Powell uid [22] , Tangent Hyperbolic uid [23] , Oldroyd-B uid [24] and Power-law model [25] . Of the di erent non-Newtonian uids discussed in the literature, the Casson's viscoplastic uid model [26] is simple and a realistic uid model that exhibits shear thinning characteristics, yield stress and high shear viscosity [27] . This particular uid model has in nite viscosity at zero shear rate. The Casson uid behaves like solid elastic when the shear stress is less than the yield stress and deforms when the shear stress is greater than yield stress. The study of Casson uid by di erent researchers include Kumaran and Sandeep [28] , Khan et al. [29] , Nawaz et al. [30] , Kahsif et al. [31] , Ahmed et al. [32] , Mahanthesh and Gireesh [33] and Rehman et al. [34] .
The presence of magnetic eld in natural convection ows plays an important role and has many applications like nuclear reactor cooling, magnetohydrodynamic (MHD) generators, geophysics, astrophysics, aerodynamics, plasma engineering, exploration of oil, etc. [35] . Ahmad and Ishak [36] considered an implicit nite di erence scheme to study the MHD convection ow of Je rey uid over a stretched sheet immersed in porous medium. Sheikholeslami and Houman [37] investigated the convective heat transfer ow of nano uid in a porous cavity in the existence of Lorentz forces. Sheikholeslami [38] investigated the MHD forced convection ow of nano uid inside a porous cavity. He employed CVFEM to simulate the vorticity stream function. Hassan et al. [39] employed homotopy analysis method to examine the nanoparticle shapes behavior on heat and mass transfer ow of ferro uid over a rotating disk in the presence of low oscillating magnetic eld. Ellahi et al. [40] discussed the in uence of nanoferroliquid under the low oscillating magnetic eld over a stretchable rotating disk. Xie and Jian [41] studied the entropy analysis of magnetohydrodynamic electroosmotic ow. Zeeshan et al. [42] used homotopy analysis method to explore the MHD radiative Couette-Ooiseuille ow of nano uid in horizontal channel with convective boundary conditions. Recent studies include Abdul Ga ar et al. [43] [44] [45] and Beg et al. [46] . Flows in uid saturated porous media has a wide range of applications in di erent areas of engineering and industry like food processing, fuel cell technologies, geothermics, trickle bed chromatography, etc. Most of studies utilize the Darcy model which is valid for low Reynolds number ows [47] . Srinivasacharya et al. [48] explored the mixed convection ow of viscous uid past a vertical porous plate with the ow in porous medium is characterized by Darcy-Forchheimer model. Gireesh et al. [49] attempted to analyze the unsteady MHD ow of dusty uid over stretching surface in non-Darcy porous medium. Natalia et al. [50] presented the mixed convection ow of nano uid over a vertical at plate embedded in uid saturated non-porous medium. Recent studies include Hady et al. [51] , V.R. Prasad et al. [52] , Som et al. [53] , Nazir et al. [54] , Abdul ga ar et al. [55, 56] .
To the authors' knowledge no studies have been communicated with regard to viscoplastic nano uid MHD convection ow of isothermal horizontal circular cylinder in non-Darcy porous media. The heat transfer with nanoparticles is analyzed by employing Buongiorno model [4] . In the present study a non-similarity mathematical analysis is developed for steady double-di usive magnetohydrodynamic ows in Casson nano uid saturated in nonDarcy porous media from a permeable horizontal circular cylinder. The Keller-box di erence scheme is used to solve the normalized boundary layer equations and the effects of Forchheimer parameter (Λ), Brownian motion (Nb), thermophoresis (Nt), buoyancy ratio (Nr) and Darcy number (Da) on the relevant ow variables are described in detail. The present study nds application in solar lm collectors, heat exchanger technology, geothermal energy storage systems, etc. 
Viscoplastic Casson Nanofluid Mathematical Model
The steady-state, laminar, double-di usive, incompressible, electrically-conducting, MHD convection ows of viscoplastic Nano uid past a horizontal circular permeable cylinder embedded in fully-saturated porous medium is considered, as shown in Figure 1 . An induced magnetic eld, B is assumed to be uniform and acts normal to the surface of the cylinder. A non-Darcy drag force model is employed to simulate porous media and also inertial effects. The x -& y -coordinates are measured along the circumference and normal to the surface of the cylinder respectively, with a denoting the radius of the cylinder. Φ = x/a represent the angle of the y -axis with respect to the vertical ≤ Φ ≤ π.The gravitational acceleration g, acts downwards. We assume that the Oberbeck-Boussineq approximation holds. Let Tw and Cwbe the constant tem- (1)
Where αm =
Where ρp is the density of the particle, and is the e ective heat capacity. The boundary conditions are de ned as:
De ning the stream function, ψ as u =
∂x , Eq. (1) is satis ed. We now introduce the following dimensionless variables:
Using Eq. (6) into Eqs. (2 -4), reduce as follows:
And the transformed non-dimensional boundary conditions are:
Here primes denote the di erentiation with respect to η. The skin-friction coe cient, Nusselt number and Sherwood number, which are given by:
Computational Solution With Keller Box Method (KBM)
The Keller-Box method (KBM), an implicit di erence method is implemented to solve the non-linear boundary layer eqns. (7) - (9) subject to the boundary conditions (10) . This technique has remained extremely popular and maintained comparable e ciency to other numerical methods such as nite element, boundary elements, spectral methods etc. the disadvantage of the method however is that the computational e ort per time step is expensive due to its step which has to replace the higher derivative by rst derivatives, so that the second-order equations can be written as a system of two rst-order equations. Also laborious algebraic expressions must be generated for the discretized equations. However KBM has a second order accuracy with arbitrary spacing and attractive extrapolation features. It is unconditionally stable and achieves exceptional accuracy. It converges quickly and provides stable numerical meshing features. KBM provides an improvement in accuracy on explicit or semiimplicit schemes and utilizes customizable stepping in a fully implicit approach. Relevant details are provided in Keller [57] . KBM has been employed extensively in computational non-Newtonian transport modelling. The KellerBox discretization is fully coupled at each step which reects the physics of parabolic systems -which are also fully coupled. Discrete calculus associated with the KellerBox scheme has also been shown to be fundamentally different from all other mimetic (physics capturing) numerical methods. The Keller Box Scheme comprises four stages.
1.
Decomposition of the N th order partial di erential equation system to N rst order equations.
2.
Finite Di erence Discretization 3.
Quasilinearization of Non-Linear Keller Algebraic Equations and nally. 4.
Block-tridiagonal Elimination solution of the Linearized Keller Algebraic Equations.
Step1: Reduction of the N th order partial di erential equation system to N rst order equations New variables are introduced to Eqns. (7) - (9) and (10), to render the boundary value problem as a multiple system of rst order equations. A set of eight simultaneous rst order di erential equations are therefore generated by introducing the new variables:
where primes denote di erentiation with respect to η. In terms of the dependent variables, the boundary conditions become:
Step 2: Finite Di erence Discretization A two-dimensional computational grid is imposed on the ξ -η plane as sketched in Fig. 2 The stepping process is de ned by:
where kn is the ∆ξ -spacing and h j is the ∆η -spacing. If g n j denotes the value of any variable at η j , ξ n , then the variables and derivatives of Equations (15) - (21) at η j− / , ξ n− / are replaced by:
∂g ∂η
∂g ∂ξ
The resulting nite -di erence approximation of equations (15) - (21) for the mid -point η j− / , ξ n , are:
Pr
Le
where we have used the abbreviations
[R ]
The boundary conditions are: The linearized system is solved by the blockelimination method, since it possess a block-tridiagonal structure. The bock-tridiagonal structure generated consists of block matrices. The complete linearized system is formulated as a block matrix system, where each element in the coe cient matrix is a matrix itself, and this system is solved using the e cient Keller-box method. The numerical results are strongly in uenced by the number of mesh points in both directions. After some trials in the η-direction (radial coordinate) a larger number of mesh points are selected whereas in the ξ -direction (tangential coordinate) signi cantly less mesh points are utilized. ηmax has been set at 16.0 and this de nes an adequately large value at which the prescribed boundary conditions are satis ed. ξ max is set at 3.0 for this ow domain. Mesh independence is achieved in the present computations. The numerical algorithm is executed in MATLAB on a PC. The method demonstrates excellent stability, convergence and consistency, as elaborated by Keller [57] .
Interpretation of Results
The system of Eqs. (7 -9) subject to Eq. (10) are numerically solved using an implicit nite di erence Keller-Box technique and is programmed using MATLAB. The accuracy present code is validated and presented in Table 1 by comparing the present results of heat transfer rate with those of Merkin [58] and Yih [59] for di erent values of ξ . It has been found that the present results are in good correlation. In Tables 2 and 3 we present the e ects of β, Λ and Pr on C f , Nu and Sh along with a variation in ξ . With increasing β, the C f is reduced whereas Nu is enhanced. A small increment in Sh is observed with increasing β. An increasing Pr is found to increase C f slightly whereas Nu is reduced. However, Sh is strongly increased with Pr. With increasing Λ, a signi cant decrease in C f , Nu and Sh is observed. This trend is sustained for ξ > 0. Tables 4 and 5 present the impact of Da and Le on C f , Nu and Sh along with a variation in ξ . An increasing Da is seen to increase C f signi cantly. Also an increase in Da is observed to increase both Nu and Sh. An increasing Da is seen to increase C f signi cantly. In these Tables we also present the results of C f , Nu and Sh for di erent values of Le. Also an increasing Le is observed to increase C f signi cantly. Whereas, Nu is reduced with increasing Le values. The Sh is strongly increased with increasing Le. This trend is sustained for ξ > 0. Figs. 3(a) -3(c) present the impact of β on velocity (f ), temperature (θ) and concentration (φ). It is observed that increasing β values increases velocity near the cylinder surface but decreases it further away i.e., the viscoplastic uid behaves as Newtonian uid as β increases. It is observed that an increase in β decreases the yield stress and hence decreases the momentum boundary layer thickness. This contraction in boundary layer thickness is caused due to the tensile stress. Whereas, the temperature and spices concentration are decreased slightly throughout the boundary layer regime. The viscoplastic uid parameter β appears only in the momentum boundary layer Eq. (7) via the shear term (1+1/β) f . The momentum equation couples strongly with the energy and species concentration equations via the thermal and species buoyancy force terms and hence the e ect of casson parameter is indirectly transmitted to both temperature and concentration led. The similar trends are observed by Subba Rao et al. [60] .
Figs. 4(a) -4(c) presents the pro les of velocity (f / ), temperature (θ) and concentration (φ) for di erent values of Nb. An increase in velocity is observed for various values of Nb throughout the boundary layer regime. Also, a slight increase in temperature is observed which is due to the collision between the random motions of the nanoparticles. Whereas, the species concentration is found to decrease with an increase in Nb. Keblinski et al. [61] has elaborated various mechanisms which may contribute to enhancement in temperatures via augmentation of the thermal conductivity with nano-particles. These include Brownian motion of nanoparticles, ballistic transport of energy carriers within individual nanoparticles and between nanoparticles that are in contact, nanoparticle distribution and also the interfacial ordering of liquid molecules on the surface of nanoparticles. Brownian motion elevates thermal conduction via nanoparticles carrying thermal energy. However it has been seen that the direct contribution of Brownian motion is less signi cant as the time scale of the Brownian motion is about two orders of magnitude uid regime, thereby accounting for the elevated concentration (nano-particle) as shown in Fig. 5(c) . For Nt = 0.1, a monotonic decay in nano-particle concentration from the wall of the cylinder into the free stream. However, for Nt > 0.1, a concentration peak is observed further from the surface of the cylinder. A slight increase in both temperature and concentration is observed. Hence, the buoyancy forces aid in the di usion of heat and species (nano-particles) in the regime, whereas they induce a deceleration in the ow regime. Similar trends have been recently observed for other free convection nano uid boundary layer ows by Gorla and Kumari [62] . Figs. 7(a) -7(c) presents the impact of Forchheimer parameter, Λ on velocity (f / ), temperature (θ) and concentration (φ). The parameter Λ is associated with the second order Forchheimer resistance term, -ξΛ f in the momentum equation. The Forchheimer drag is directly proportional to Λ. As shown in Fig. 7(a) , the ow is markedly decelerated with increasing values of Λ. As indicated by Kaviany [63] , the Forchheimer e ects are associated with higher velocities in porous media transport. A signi cant elevation in both temperature and nano-particel species di usion concentration is seen with an increase in Λ. The parameter M represents the ratio of magnetic Lorentzian drag force to viscous hydrodynamic force in the ow. For M < 1, the viscous force dominates the magnetic force and the magnetohydrodynamic e ect is weak. However, Fig. 8a shows that even a small increase in M induces a marked deceleration in velocity. This reveals that the magnetic eld resists the uid transport due to rise in M lends an enhancement in the Lorentz force, which resist the uid ow. This concurs with many other studies of magnetized nano uid convec- Figs. 8b and 8c indicate that the dominant e ect of greater magnetic parameter is to elevate both temperatures and nano-particle concentrations. The supplementary work expended in dragging the viscoplastic nano uid against the action of the magnetic eld manifests in kinetic energy dissipation. This energizes the boundary layer since the kinetic energy is dissipated as thermal energy and this further serves to agitate improved species di usion. As a result both thermal and nano-particle (species) concentration boundary layer thicknesses are increased.
Figs. 9(a) -9(c) presents the e ects of Nb on skin friction (C f ), heat transfer rate (Nu) and mass transfer rate (Sh) at the cylinder surface. C f is observed to increase slightly for di erent values of Nb. Conversely, Nu is decreased signi cantly with increasing Nb. There is also a progressive depletion in heat transfer rate with increasing transverse coordinate i.e. x-value. This agrees with the corresponding enhancement in temperature in the boundary layer owing to the nano uid properties as represented by the Brownian di usion e ect. A decrease in heat transfer rate at the wall implies that less heat is convected from the uid regime to the cylinder, thereby heating the boundary layer. Dimensionless mass transfer rate (local Sherwood number) is boosted up with increasing Nb.
Figs. 10(a) -10(c) depicts the pro les for on skin friction (C f ), heat transfer rate (Nu) and mass transfer rate (Sh) at the cylinder surface for increasing Nt values. Clearly from Fig. 11(a) a very slight increase in C f is observed with an increase in Nt whereas, an increase in Nt decreases both heat transfer rate and mass transfer rate. Hence, thermophoresis exerts a signi cant e ect on both heat and mass transfer characteristics at the cylinder surface.
Figs. 11(a) -11(c) illustrate the responses of buoyancy ratio Nr, on skin friction (C f ), heat transfer rate (Nu) and mass transfer rate (Sh) at the cylinder surface. For Nr > 0, the C f at the cylinder surface is observed to decrease for increasing values of Nr. Also, the heat transfer rate and mass transfer rates are found to reduce with increasing Nr values.
Figs. 12(a) -12(c) presents the responses of magnetic parameter M, on skin friction (C f ), heat transfer rate (Nu) and mass transfer rate (Sh) at the cylinder surface. A signi cant decrease in C f is observed at the cylinder surface for increasing values of M. Similar trends are observed in the case of heat and mass transfer rates i.e., both Nu and Sh are found to be strongly reduced with increasing M values.
Conclusions
A numerical analysis is developed to study the laminar MHD convection ows of Casson nano uid from an isothermal horizontal circular cylinder in uid-saturated non-Darcy porous medium. An implicit nite di erence Keller-Box technique is used to solve the non-dimensional boundary layer equations with prescribed boundary con- (Sc) . Very stable and accurate solutions are obtained with the present code. The present has been validated with the earlier Newtonian study. The present numerical code is able to solve the nonlinear rheological boundary layer ow problems very e ciently and hence presents excellent promise in simulating transport phenomena in other non-Newtonian uids. 
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